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Irreducible unitary representations of finite group and compact group describe quantum-
state transformation (quantum coding) and quantum measurement (quantum decoding).
The quantum teleportation and the quantum dense coding in a finite-dimensional Hilbert
space are formulated in terms of an irreducible unitary representation of group. The
description based on the group representation makes clear the similarity and difference
between the quantum teleportation and the quantum dense coding.
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1. INTRODUCTION

Quantum information has recently attracted considerable attention in quan-
tum physics and information science and technology, which not only gives deeper
insight in the principles of quantum mechanics, but also provides remarkable infor-
mation processing methods such as quantum computing, quantum communication,
and quantum cryptography (Hirotaet al., 1997; Kumaret al., 2000; Tombesi and
Hirota, 2001). In quantum information processing, a unitary operation is one of
the most important quantum operations which transform one quantum state into
another. Quantum operations include encoding some information into a quantum
state and measurement performed on a quantum state. Quantum decoding that
extracts information from a quantum state is nothing but a quantum measurement
process which is described by positive operator-valued measure (Helstrom, 1976;
Holevo, 1982). Irreducible unitary representations of finite group and compact
group play a very important role in quantum coding and decoding. Unitary opera-
tors belonging to the irreducible representation not only describe a transformation
of a quantum state, but also generate positive operator-valued measure of quan-
tum measurement. Therefore general theories of the quantum teleportation and the
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quantum dense coding in a finite-dimensional Hilbert space can be formulated in
terms of an irreducible representation of group.

In Section 2, quantum coding and quantum decoding based on an irreducible
unitary representation (or projective representation) of group are explained. There,
the standard protocol in a quantum communication system is introduced. In Sec-
tions 3 and 4, the quantum teleportation and the quantum dense coding with the
standard protocol are formulated. In Section 5, simple examples of the general
results are considered. In Section 6, the concluding remarks are given.

2. QUANTUM CODING AND QUANTUM DECODING

Quantum coding and quantum encoding are described by an irreducible uni-
tary representation of group. Suppose an irreducible unitary representation (or
an irreducible projective representation)G = {Û (g) | g ∈ G} of a finite groupG,
where a unitary operator̂U belonging to the representation is defined on anN-
dimensional Hilbert spaceH. Although a finite group is considered in this paper,
the most of the results are valid for a compact group. Then, for any operatorX̂
defined on the Hilbert spaceH, Schur’s lemma yields the equality (Robinson,
1980)

N

|G|
∑
g∈G

Û (g)X̂Û
†
(g) = (Tr X̂)1̂, (1)

where|G| is the cardinality ofG and1̂ is the identity operator defined on the Hilbert
spaceH. Quantum measurement, the outcome of which belongs to the groupG,
is described by a positive operator-valued measure (POM)XG = {X̂(g) | g ∈ G}
which satisfies (Helstrom, 1976; Holevo, 1982)∑

g∈G

X̂(g) = 1̂, X̂(g) ≥ 0. (2)

When we perform the quantum measurementXG on a system prepared in a quan-
tum state ˆρ, the measurement outcomeg ∈ G is obtained with probability

P(g) = Tr[ X̂(g)ρ̂], (3)

which is normalized as6g∈G P(g) = 1. For an arbitrary density operator ˆσ (σ̂ ≥ 0,
Tr σ̂ = 1) defined on the Hilbert spaceH, we define an operator̂Xσ (g) as

X̂σ (g) = N

|G|Û (g)σ̂ Û
†
(g). (4)

Then, from Schur’s lemma (1), the set{X̂σ (g) | g ∈ G} becomes a POM and de-
scribes some quantum measurement. The map ˆρ → g from a quantum state to
a group element determined by the POM{X̂σ (g) | g ∈ G} is quantum decoding.
Using the quantum decoding, we can extract some information from the quantum
state ˆρ.
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Quantum coding is a process that encodes some information on some quantum
state ˆρ. For example, when we have the irreducible unitary representationG, we
can encode information represented by the elementg ∈ G on the quantum state ˆρ

by the following unitary transformation:

ρ̂ → ρ̂(g) = Û (g)ρ̂Û
†
(g). (5)

In a quantum communication system, a sender can encode some information by
Eq. (5) on a signal quantum state and a receiver can extract the information from the
encoded quantum state by Eq. (4). The conditional probability, called the channel
matrix, of such a quantum communication channel is given by

P(g′ | g) = Tr[ X̂σ (g′)ρ̂(g)]

= N

|G|Tr[Û (g−1g′)σ̂ Û
†
(g−1g′)ρ̂], (6)

When the setG is an additive group, the conditional probabilityP(g′ | g) is a
function of the differenceg′ − g, that is,P(g′ | g) = P(g′ | g), whereP(g) is given
by

P(g) = N

|G|Tr[Û (g)σ̂ Û
†
(g)ρ̂], (7)

which is equivalent to the operational phase-space probability distribution (Ban,
1997; Bužecket al., 1996). As stated above, the irreducible unitary representa-
tion of group determines both quantum coding and quantum decoding. When the
quantum coding by the sender and the quantum decoding by the receiver are de-
termined by the irreducible unitary representation of the same group, it is said that
the quantum communication is subject to the standard protocol. For example, it is
the standard protocol that the sender encodes information by applying the Pauli
matrices and the receiver performs the Bell measurement.

We consider a simple example of the standard protocol of quantum communi-
cation. For this purpose, we denote a complete orthonormal system of the Hilbert
spaceH as{|ψ0〉, |ψ1〉, . . . , |ψN−1〉}. We introduceN2 unitary operatorŝU ( j , k)
by

Û ( j , k) =
N−1∑
l=0

exp

(
2π

N
jl

)
|ψl modN〉〈ψk+l modN |

= exp(i θ j n̂) exp(−ikθ̂ ), (8)

with j , k = 0, 1,. . . , N − 1 andθ j = 2π j/N. In this equation,θ̂ is the Pegg–
Barnett phase operator andn̂ is the number operator canonically conjugate to
θ̂ (Barnett and Pegg, 1990; Pegg and Barnett, 1989). The set of the operators,
{Û ( j , k) | j , k = 0, 1,. . . , N − 1}, is the irreducible projective representation of
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the generalized Pauli group. It is easy to see that the unitary operatorÛ ( j , k)
satisfies (Ban, 2002a)

1

N

N−1∑
j=0

N−1∑
k=0

Û ( j , k)X̂Û
†
( j , k) = (Tr X̂)1̂ (9)

for any operatorX̂ defined on the Hilbert spaceH and the orthogonality relation

1

N
Tr [Û

†
( j , k)Û (l , m)] = δ j l δkm. (10)

Furthermore, we have the relations for the unitary operatorsÛ ( j , k):

Û ( j , k)Û (l , m)Û
†
( j , k) = Û (l , m) exp

[
−2π i

N
( jm− kl)

]
, (11)

Û ( j , k)Û (l , m) = Û ( j + l , k+m) exp

(
2π i

N
kl

)
, (12)

Û
†
( j , k) = Û (− j ,−k) exp

(
2π i

N
jk

)
, (13)

When N = 2, the four unitary operatorŝU ( j , k) are equivalent to the identity
operator1̂ and the three Pauli operators ˆσ x, σ̂ y, σ̂ z. Thus the unitary operator
Û ( j , k) is sometimes referred to as the generalized Pauli operator.

We can encode 2 log2 bits of information on a quantum state ˆρ by ap-
plying one of theN2 unitary operatorsÛ ( j , k) with equal probabilities as ˆρ →
Û ( j , k)ρ̂Û

†
( j , k). A completely entangled bipartite state|9AB〉 of (N × N)-

dimensional Hilbert spaceHA ⊗HB is expressed as

|9AB〉 = 1√
N

N−1∑
k=0

∣∣9A
k

〉⊗ ∣∣9B
k

〉
. (14)

The local unitary transformation|9AB
jk 〉 of the bipartite state|9AB〉 remains com-

pletely entangled, where the bipartite quantum state|9AB
jk 〉 is given by∣∣9AB

jk

〉 = [UA( j , k)⊗ I B]|9AB〉. (15)

When N = 2, these quantum states become equivalent to the Bell states|8AB
± 〉

and|9AB
± 〉. It is found from Eqs. (9)–(13) that the operatorX̂

AB
jk = |9AB

jk 〉〈9AB
jk |

satisfies the relations
N−1∑
j=0

N−1∑
k=0

X̂
AB
jk = 1̂A ⊗ 1̂B and X̂

AB
jk X̂

AB
lm = δ j l δkmX̂

AB
jk . (16)

Thus the set of the projection operators,{X̂AB
jk | j , k = 0, 1,. . . , N − 1}, describes

the quantum measurement which is called the generalized Bell measurement.
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3. QUANTUM TELEPORTATION

The quantum teleportation can transmit an unknown quantum state, without
sending itself, by means of quantum entanglement and classical communication
(Bennettet al., 1993). The quantum teleportation was originally proposed for a
quantum state defined on a finite-dimensional Hilbert space and generalized later
(Ban, 2002b; Bowen and Bose, 2001; Braunsteinet al., 2000; Braunstein and
Kimble, 1998). Furthermore it has been shown that an irreducible representation
of group plays an important role in the ideal quantum teleportation (Braunstein
et al., 2000).

Suppose that Alice (a sender) and Bob (a receiver) share a bipartite quantum
state ˆρAB defined on the (N × N)-dimensional Hilbert spaceHA ⊗HB. Further-
more Alice is provided an unknown quantum state ˆρQ to be teleported, defined on
an N-dimensional Hilbert spaceHQ. The total quantum state of Alice and Bob
is given by ˆρQAB

in = ρ̂Q⊗ ρ̂AB. It is assumed here that the quantum teleportation
is subject to the standard protocol explained in the previous section. Then Alice

performs a quantum measurement described by an operatorX̂
QA

(g) defined on the
Hilbert spaceHQ⊗HA,

X̂
QA

(g) = |9QA(g)〉〈9QA(g)|, (17)

with

|9QA(g)〉 = N√|G| (Û
Q

(g)⊗ 1̂A)9QA〉, (18)

where |9QA〉 is a completely entangled bipartite quantum state of the Hilbert

spaceHQ⊗HA and the unitary operator̂U
Q
(g) belongs to the irreducible uni-

tary representationG of the groupG. It is seen from Schur’s lemma (1) that the

equality6g∈G X̂
QA

(g) = 1̂Q⊗ 1̂A holds. It is important to note that the operator

X̂
QA

(g) is not an orthogonal projector in general. After performing the quantum
measurement, Alice informs Bob of the measurement outcomeg by classical com-
munication. When Bob knows the measurement outcomeg, he applies the unitary

operatorÛ
B
(g) to his quantum state. Then, according to the state-reduction for-

mula (Kraus, 1983), the quantum state ˆρB
out(g) that Bob finally obtains is given

by

ρ̂B
out(g) = Û

B
(g)
{
TrQA

[
(X̂

QA
(g)⊗ 1̂B)ρ̂QAB

in

]}
Û

B†
(g)

TrQAB
[
(X̂

QA
(g)⊗ 1̂B)ρ̂QAB

in

] , (19)

which is obtained with probability

P(g) = TrQAB

[
(X̂

QA
(g)⊗ 1̂B)ρ̂QAB

in

]
. (20)
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Therefore Bob obtains, in average, the quantum state ˆρB
out,

ρ̂B
out

∑
g∈G

Û
B
(g)

{
TrQA

[
(X̂

QA
(g)⊗ 1̂B)ρ̂QAB

in

]}
Û

B†
(g). (21)

In the ideal quantum teleportation, the quantum states ˆρB
out(g) andρ̂B

out are equal
to the unknown quantum state that Alice was given.

In the standard protocol, substituting Eqs. (17) and (18) into Eqs. (19)–(21),
we obtain

ρ̂B
out(g) = 〈9QA|[ρ̂Q⊗ ρ̂AB(g)]|9QA〉

TrB〈9QA|[ρ̂Q⊗ ρ̂AB(g)]|9QA〉 , (22)

P(g) = N2

|G|TrB〈9QA|[ρ̂Q⊗ ρ̂AB(g)]|9QA〉, (23)

ρ̂B
out = N2

〈
9QA

∣∣(ρ̂Q⊗ ρ̂AB
G

)∣∣9QA
〉
, (24)

where the quantum state ˆρAB(g) is the twirling transformation of the bipartite
quantum state ˆρAB (Horodeckiet al., 1999),

ρ̂AB(g) = [Û
A ∗

(g)⊗ Û
B
(g)]ρ̂AB[Û

A ∗
(g)⊗ Û

B
(g)]†, (25)

and the quantum state ˆρAB
G is the average of all the possible transformation,

ρ̂AB
G =

1

|G|
∑
g∈G

ρ̂AB(g). (26)

In deriving these equations, we have used the fact that the following relation holds
for the completely entangled state|9QA〉:

(V̂
Q⊗ 1̂QA)|9QA〉 = (1̂Q⊗ V̂

AT
)|9QA〉, (27)

where the symbol T stands for the transposition of the operator.
In particular, if the unknown quantum state ˆρQ is pure, that is, ˆρQ = |ψQ〉

〈9Q|, Eqs. (22)–(24) are simplified as

ρ̂B
out(g) = 〈9A ∗|ρ̂AB(g)|9A ∗〉

TrB〈9A ∗|ρ̂AB(g)|9A ∗〉 , (28)

P(g) = N

|G|TrB〈9A ∗|ρ̂AB(g)|9A ∗〉, (29)

ρ̂B
out = N

〈
9A ∗∣∣ρ̂AB

G

∣∣9A ∗〉. (30)

Here, when the state vector|9〉 is expanded as|9〉 = 6N−1
k=0 ak|9k〉, the state

vector|9∗〉 is defined by|9∗〉 = 6N−1
k=0 a∗k |9k〉, the set{|9k〉|k = 0, 1,. . . , N − 1}
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being a complete orthonormal system of anN-dimensional Hilbert space. Further-
more we used the fact that

N−1∑
k=0

〈
9

Q
k

∣∣9Q
〉∣∣9A

k

〉 = |9A〉. (31)

In this case, the fidelityF(g) and the average value of the fidelitȳF are given by

F(g) = 〈9
A ∗,9B|ρ̂AB(g)|9A ∗,9B〉
TrB〈9A ∗|ρ̂AB(g)|9A ∗〉 , (32)

F̄ = 〈9A ∗,9B
∣∣ρ̂AB

G

∣∣9A ∗,9B
〉
, (33)

where|9A ∗,9B〉 = |9A ∗〉 ⊗ |9B〉.
Suppose that the bipartite quantum state ˆρAB shared by Alice and Bob is the

generalized Werner state given by

ρ̂AB
W = F |9AB〉〈9AB | + 1− F

N2− 1
(1̂A ⊗ 1̂B − |9AB〉〈9AB |), (34)

where the singlet fractionF satisfies 0≤ F ≤ 1. In this case, Eqs. (22)–(24) are
calculated to be

ρ̂B
out = ρ̂B

out(g) = N2F − 1

N2− 1
ρ̂B + N2(1− F)

N2− 1
(1̂B/N), (35)

andP(g) = 1/|G|, where the density operator ˆρB represents the unknown quantum
state to be teleported, defined in the Hilbert spaceHB. In this case, Alice and Bob
cannot obtain any information about the unknown quantum state ˆρQ. The result

means that even if the operatorX̂
QA

(g) is not an orthogonal projector, the perfect
quantum teleportation (F(g) = F̄ = 1) is possible when Alice and Bob share the
completely entangled state (F = 1) (Braunsteinet al., 2000). This result is quite
different from that obtained for the quantum dense coding (see the next section).
Let the eigenvalues of the unknown quantum state beλ0, λ1, . . . λN−1. Then the
fidelity is calculated to be

F̄ = F(g) =
(

Tr

√√
ρ̂Bρ̂B

out

√
ρ̂B

)2

=
N−1∑

k=0

√
N2F − 1

N2− 1
λ2

k +
N(1− F)

N2− 1
λk

2

≤ N F + 1

N + 1
, (36)

where the equality holds forF = 1 or (ρ̂B)2 = ρ̂B.
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We next assume that the unitary operatorÛ (g) is given by Eq. (8). In this
case, we haveg = ( j , k) and |G| = N2. Since the unitary operator̂U (g) satis-

fies Eqs. (9)–(13), the operatorX̂
QA

(g) becomes an orthogonal projector and de-
scribes the generalized Bell measurement. Furthermore, the set{|9AB( j , k)〉 =
|9AB

jk 〉 | j , k = 0, 1,. . . N − 1} is an complete orthonormal system of the Hilbert
spaceHA ⊗HB. Using these properties, after some calculation, we obtain the
relation

〈9QA|[ρ̂Q⊗ ρ̂AB( j , k)]|9QA〉

= 1

N2

N−1∑
l=0

N−1∑
l ′=0

N−1∑
n=0

N−1∑
n′=0

Û
B
(l ,−l ′)ρ̂BÛ

B†
(n,−n′)

〈
9AB

ll ′ |ρ̂AB |9AB
nn′
〉

× e−i (2π/N)(ll ′−nn′)+i (2π/N)k(l−n)+i (2π/N) j (l ′−n′), (37)

where we have used the fact that
N−1∑
j=0

N−1∑
k=0

∣∣9B
j

〉〈
9

Q
k |ρ̂Q|9Q

k

〉〈
9B

k

∣∣ = ρ̂B. (38)

Substituting Eq. (37) into Eqs. (22)–(24), we can obtain all the quantities that com-
pletely characterize the quantum teleportation. In particular, the averaged quantum
state ˆρB

out is given by

ρ̂B
out =

N−1∑
j=0

N−1∑
k=0

P( j , k)Û
B
( j ,−k)ρ̂BÛ

B†
( j ,−k), (39)

with

P( j , k) = 〈9AB
jk |ρ̂AB |9AB

jk

〉
. (40)

This result means that the quantum teleportation is equivalent, in average, to the
generalized depolarizing channel (Bowen and Bose, 2001).

4. QUANTUM DENSE CODING

The quantum dense coding transmits classical information by means of quan-
tum entanglement and quantum communication (Ban, 2002a; Bennet and
Wiesner, 1992; Bowen, 2001). The amount of classical information transmitted
via the quantum dense coding is greater than that transmitted without using quan-
tum entanglement. In ideal cases, the information capacity of the quantum dense
coding channel is twice as great as the capacity of the quantum channel without
quantum entanglement. For example, although the upper bound on the capacity of
a qubit channel is one bit, the quantum dense coding of a qubit can transmit two
bits of information.
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Suppose that Alice and Bob share a bipartite quantum state ˆρAB defined on the
(N × N)-dimensional Hilbert spaceHA ⊗HB. In the quantum dense coding which
obeys the standard protocol, Alice encodes classical information on her quantum

state by applying the unitary operatorÛ
A
(g) which belongs to the irreducible

unitary representationG of the groupG, and she sends the encoded quantum
state to Bob through a noiseless quantum channel. Then Bob obtains the encoded
bipartite quantum state

ρ̂AB(g) = (Û
A
(g)⊗ 1̂B)ρ̂AB(Û

A†
(g)⊗ 1̂B). (41)

To extract the information that Alice encoded, Bob performs the quantum mea-

surement described by the operatorX̂
AB

(g) defined by Eqs. (17) and (18). The
conditional probability (the channel matrix of the quantum dense coding channel)
P(g′ | g) that Bob obtains the measurement outcomeg′ when Alice encoded the
informationg is given by

P(g′ | g) = TrAB[ X̂
AB

(g′)ρ̂AB(g)]. (42)

Substituting Eqs. (17), (18), and (41) into this equation, the conditional probability
P(g′ | g) can be expressed as

P(g′ | g) = N2

|G| 〈9
AB |ρ̂AB(g, g′)|9AB〉, (43)

with

ρ̂AB(g, g′) = [Û
A
(g)⊗ Û

B ∗
(g′)]ρ̂AB[Û

A
(g)⊗ Û

B ∗
(g′)]†. (44)

When Alice encodes the informationg on her quantum state with probabil-
ity π (g), the mutual informationI (B : A) of the quantum dense coding channel
becomes

I (B : A) =
∑
g∈G

∑
g′∈G

P(g′ | g)π (g) log

[
P(g′ | g)∑

g′′∈G P(g′ | g′′)π (g′′)

]
. (45)

It is easy to see from Schur’s lemma (1) that if the prior probabilities are equal
(π (g) = 1/|G|), the output probabilitiesPout(g′) are also equal:

Pout(g
′) =

∑
g∈G

P(g′ | g)
1

|G| =
1

|G| . (46)

In this case, the mutual informationI (B : A) becomes

I (B : A) = log |G| +
∑
g∈G

∑
g′∈G

P(g′ | g) log P(g′ | g). (47)
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To obtain the maximum value of the mutual information, the equalityP(g′ | g) =
δgg′ must be fulfilled. To investigate this condition, we assume here that Alice and
Bob share the completely entangled bipartite quantum state ˆρAB = |9AB〉〈9AB |.
Then, the conditional probabilityP(g′ | g) is given by

P(g′ | g) = |〈9AB(g′)|9AB(g)〉|2, (48)

where|9AB(g)〉 is given by Eq. (18). Thus to establish the equalityP(g′ | g) = δgg′ ,
the state vector|9AB(g)〉must be orthogonal. To satisfy the condition, it is enough
that the unitary operator̂U (g) is chosen to bêU ( j , k), which is given by Eq. (8).
In this case, we obtainI (B : A) = 2 logN, which is twice as great as the informa-
tion transmitted without the quantum entanglement. Here, it is important to note
that although it is sufficient for performing the perfect quantum teleportation that
Alice and Bob share completely entangled bipartite state, the error-free quantum
dense coding which yieldsI (B : A) = 2 logN further requires that the bipartite
quantum state|9AB(g)〉 be orthogonal.

The quantum information theory tells us that the classical information capac-
ity C of the quantum dense coding channel is given by (Holevo, 1998; Schumacher
and Westmoreland, 1997)

C = max
π (g)

[
S

(∑
g∈G

π (g)ρ̂AB(g)

)
−
∑
g∈G

π (g)S(ρ̂AB(g))

]
, (49)

whereS(ρ̂) is the von Neumann entropy of the quantum state ˆρ,

S(ρ̂) = −Tr[ρ̂ log ρ̂]. (50)

It has been shown (Ban, 2002a; Bowen, 2001) that the maximum value of the
capacity is attained when Alice applies the unitary operatorÛ ( j , k) with equal
probabilities (π ( j , k) = 1/N2) and Bob performs the generalized Bell measure-

mentX̂
AB
jk . In this case, the capacity of the quantum dense coding channel becomes

C = log N + S(ρ̂B)− S(ρ̂AB), (51)

where ˆρB = TrA ρ̂
AB. When ˆρAB is the completely entangled state, we obtain

C = 2 logN since ˆρB = 1̂B/N. This result means that the maximum value of the
capacity is attained by means of the completely entangled bipartite state while
the maximum value of the mutual information further needs the orthogonality of
the completely entangled state.
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5. SIMPLE EXAMPLE

In this section, we consider the quantum teleportation and the quantum dense
coding of a qubit, where Alice and Bob share one of the four Bell states,

|9AB
± 〉 =

|00〉 ± |11〉√
2

, |9AB
± 〉 =

|01〉 ± |10〉√
2

. (52)

When the set of the Pauli matrices{1̂, σ̂ x, σ̂ y, σ̂ z} is used as the irreducible pro-
jective representation of the group, an arbitrary qubit state can be sent perfectly
by means of the quantum teleportation and two bits of classical information can
be sent via the quantum dense coding (Bennet and Wiesner, 1992; Bennettet al.,
1993).

Suppose that Alice and Bob use the irreducible unitary representation of the
point groupD3, which is the symmetric group of a regular triangle, instead of
the Pauli group, where the representation consists of the following 2× 2 unitary
matrices:

Û1 =
(

1 0
0 1

)
, Û2 =

(
−1/2 −√3/2√

3/2 −1/2

)
, (53)

Û3 =
(
−1/2

√
3/2

−√3/2 −1/2

)
, Û4 =

(
1 0
0 −1

)
, (54)

Û5 =
(
−1/2 −√3/2

−√3/2 1/2

)
, Û6 =

(
−1/2

√
3/2√

3/2 1/2

)
. (55)

Even in this case, since Alice and Bob share the completely entangled state, an
arbitrary qubit state can be transmitted with unity of the fidelity by the quantum
teleportation, where 2 log2 3 bits of classical information should be sent from Alice
to Bob. To investigate the quantum dense coding, we assume that Alice and Bob

share the Bell state|8AB
+ 〉. Then the state vectors|9AB

j 〉 = (Û
A
j ⊗ 1̂B)|8AB

+ 〉( j =
1, 2,. . . , 6) become

∣∣9AB
1

〉 = |8AB
+ 〉,

∣∣9AB
2

〉 = 1

2
|8AB
+ 〉 +

√
3

2
|9AB
− 〉, (56)

∣∣9AB
3

〉 = 1

2
|8AB
+ 〉 −

√
3

2
|9AB
− 〉, (57)

∣∣9AB
4

〉 = |8AB
− 〉,

∣∣9AB
5

〉 = 1

2
|8AB
− 〉 +

√
3

2
|9AB
+ 〉, (58)

∣∣9AB
6

〉 = 1

2
|8AB
− 〉 −

√
3

2
|9AB
+ 〉. (59)
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The conditional probabilityP( j | k) of the quantum dense coding channel is
given by

P( j | k) =


2/3 1/6 1/6 0 0 0
1/6 2/3 1/6 0 0 0
1/6 1/6 2/3 0 0 0
0 0 0 2/3 1/6 1/6
0 0 0 1/6 2/3 1/6
0 0 0 1/6 1/6 2/3

 . (60)

When Alice applies the unitary operatorÛ j with equal probabilities (π j = 1/6),
the information transmitted from Alice to Bob is calculated to beI (B : A) = 4/3
(bits). Note that when Alice use the Pauli matrices to encode the information and
Bob performs the Bell measurement,I (B : A) = 2 (bits) is obtained.

6. CONCLUDING REMARKS

We have formulated the quantum teleportation and the quantum dense coding
in a finite-dimensional Hilbert space in terms of the irreducible unitary representa-
tion of group. Such a formulation makes clear the similarity and difference between
the quantum teleportation and the quantum dense coding. Although we have con-
fined ourselves to a finite group and its representation in this paper, the results can
be generalized for an infinite group that satisfies the compactness. In this case,
the summation (N/|G)6g∈G F(g) is replaced with the integral

∫
g∈G dµ(g) F(g),

wheredµ (g) is the invariant Haar measure (Robinson, 1980).
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